We present an analytical method to describe the accommodative changes in the human crystalline lens. The method is based on the geometry-invariant lens model, in which the gradient-index (GRIN) iso-indicial contours are coupled to the external shape. This feature ensures that any given number of iso-indicial contours does not change with accommodation, which preserves the optical integrity of the GRIN structure. The coupling also enables us to define the GRIN structure if the radii and asphericities of the external lens surfaces are known. As an example, the accommodative changes in lenticular radii and central thickness were taken from the literature, while the asphericities of the external surfaces were derived analytically by adhering to the basic physical conditions of constant lens volume and its axial position. The resulting changes in lens geometry are consistent with experimental data, and the optical properties are in line with expected values for optical power and spherical aberration. The aim of the paper is to provide an anatomically and optically accurate lens model that is valid for 3 mm pupils and can be used as a new tool for better understanding of accommodation.
Introduction
The mechanism of accommodation in the human eye is still an area of on-going research. The most widely accepted theory is that proposed by Helmholtz in his Handbuch der Physiologischen Optik in 1867 [1] . This Helmholtzian theory of accommodation states that contraction of the ciliary muscle body reduces zonular and capsular tension, allowing the lens to form a steeper, more convex shape. This corresponds to the accommodated state, with an associated increase in lenticular refractive power; the accommodated state provides clear vision at near distances. For distant vision, the ciliary muscle relaxes (dilates), and as a result the lens is stretched into a thinner shape with reduced refractive power. This is the unaccommodated state, in which the lens is kept under constant tension. Experimental support for this most commonly accepted Helmholtzian theory includes, amongst many others, an interesting paper by Shao et al. (2013) showing real-time imaging of accommodative changes in the anterior segment of the eye [2] . While experimental efforts show that lenticular spherical aberration (SA) becomes more negative with accomodation, it is clear that increasing surface curvatures cause more positive SA; thus the accommodative decrease in lenticular radii should produce more positive SA. We aim to investigate this apparent contradiction by looking at the lens' surface and gradient index contributions to lenticular SA.
The field of ocular biometry is fast improving, with new and enhanced imaging methods capable of taking more accurate data with better sampling. While wavefront sensing continues to provide high-quality measurement of ocular wavefront aberration, the improving temporal and spatial resolution of magnetic resonance imaging (MRI) [3] and optical coherence tomography (OCT) [4, 5] may help with obtaining additional biometric information. The availability of these more accurate instruments for ocular biometry allows one to develop more advanced optical and physical models of the human eye; in particular, the crystalline lens.
Historically, some of the first accommodative models of the human crystalline lens were provided by Gullstrand [6] and Le Grand [7] , who gave parameters for the unaccommodated and fully-accommodated lens; however, they did not provide data for intermediate accommodative amplitudes. Their four-surface lens model lacks a GRIN structure and also does not employ aspheric surfaces. This model was extended to account for the intermediate states by Blaker in his 1980 paper [8] , by assuming that the GRIN lens' radii, diameter and central thickness vary linearly with accommodation. In 1985, Navarro et al. [9] showed that the on-axis optical properties of the human eye can be reproduced using aspheric lenticular surfaces with an equivalent refractive index for the lens. The lens' geometrical parameters changed logarithmically with accommodation in their model, while a parabolic adjustment to the equivalent refractive index was performed. More recently, Smith and co-workers [10] modelled the accommodating lens using a trial and error process, in which the lens' dimensions were altered linearly while keeping the volume constant; this led to a change in the lens' radii and asphericities. This model was based on the Liou-Brennan eye [11] , which was presented only in the relaxed form; thus, the coefficients of the GRIN medium were also altered to account for accommodative effects. We can see, however, that these GRIN coefficients do not depend on surface asphericity.
It can be desirable to analyse accommodation-dependant optical properties of the human lens featuring gradient index in ray-tracing software such as Zemax. When starting with a set of data for the unaccommodated lens, currently one must predict what values the accommodated lens parameters will take. If, for example, the lenticular radii, conic constants and central thickness of the accommodated lens are inserted into the ray-tracing software, these accommodated parameters will not necessarily be optically or physically appropriate. That is, the accommodated lens will not display the correct power or SA, and it may have changed substantially in volume. The current study aims to develop an analytical method of describing the geometrical and optical changes in the lens under accommodation. In this paper, we describe an anatomically realistic, adjustable lens, which can be used as a tool for ocular modelling and understanding of accommodation.
Analytical method
An equation describing the variation of refractive index n within the human lens has been proposed by Smith et al. [12] as:
where r is the normalised radius in the equatorial section, c 0 is the refractive index at the center of the lens and c p is the difference between the refractive indices at the center and surface of the lens. The parameter p extends the applicability of this GRIN representation as it may account for some optically significant age-related changes in the GRIN structure. This equation, for the case of the geometry-invariant lens model [13] , can be rewritten as:
where ζ is the normalized distance from the lens' centre, n c and n s are the refractive indices at the center and at the surface of the GRIN lens, respectively, and P = p/2. The GRIN structure of this lens model is coupled to the shape of the external surface of the lens. This is an attractive feature for modelling the accommodative changes since it secures the optical integrity of the GRIN structure. The general outline of the GRIN medium can be visualised by looking at its iso-indicial contours, which are surfaces of constant refractive index; for example, Fig. 1 contains five iso-indicial contours with a refractive index step of 0.008. Preserving the optical integrity of the GRIN structure requires that the number of contours does not increase or decrease with accommodation. Few recent lens models [13] [14] [15] feature this coupling of GRIN structure and external lens shape. Of these recent models, we choose the geometry-invariant model [13] since it offers both a realistic GRIN distribution with the agedependent parameter P and continuous iso-indicial surfaces. Note also that n(ζ ) is a continuous function.
The external shape of the lens in this model is a conicoid of revolution with a higher-order aspheric term. The general form for a conicoid of revolution, written as a function of surface sag (z), is given by
where R is the vertex radius of curvature, K is the conic constant and ρ is the perpendicular distance (height) from the optical axis z. The addition of an aspheric cubic term transforms the surface profile into a figuring conicoid function [16] :
The first continuity condition states that ρ a (Z c ) = ρ p (Z c ); where ρ a and ρ p are the respective heights of the anterior and posterior surface contours, and Z c is the axial position of the lens equator. If we note that the shape factor of the lens' surfaces is given by Q = 1 + K, we have the following:
where the subscripts a and p denote the anterior and posterior segments, respectively. As outlined in previous work by Bahrami and Goncharov [13] , the constant B is chosen so that the second continuity condition
dz | Z c = 0 is satisfied; i.e. the first derivative dρ/dz at the equatorial interface connecting the anterior and posterior surfaces is equal to zero, given by:
and
The position of the lens' equator (Z c ) relative to the centre of the nucleus can thus be calculated by inserting Eq. 3 into Eq. 2 to give the following:
where T = T a + T p is the axial thickness of the lens. T a and T p are respectively defined as the anterior and posterior axial lens thicknesses relative to the centre of the lens nucleus.
Since T a and T p are positive quantities, and Z c is a negative quantity [13] , the anterior and posterior axial thicknesses (sags) of the lens are given by Z a = T a + Z c and Z p = T p − Z c . The anterior and posterior sags are defined from their respective poles (vertices) to the lens equator, while distances T a and T p are defined from their respective poles to the centre of the nucleus. The centre of the nucleus is the position of peak refractive index and is defined as the origin; it is not necessarily at the same axial position as the lens' equator [15, 17] . See Fig. 1 for a visualisation of the two definitions.
Next, an analytical formula for the lens' volume can be derived using the disc method of integral calculus for the volume of a solid of revolution:
taking note again that T a and T p are positive, while Z c is negative. Since the lenticular epithelial stroma constitutes a soft condensed medium and is essentially incompressible, it seemed reasonable to assume that the volume does not change on accommodation. A recent study by Hermans et al. came to the same conclusion experimentally [18] . Furthermore, the relatively short timescale over which the accommodation process occurs is rather short to facilitate any volume change through passage of water/aqueous into or out of the lens material [19] . A study by Gerometta et al. [20] found that bovine lenticular volume increases by 8% with accommodation, and expected the human lenticular volume to increase by 3%; however, one cannot be certain of the applicability of the bovine study to the human lens. Another study by Strenk et al. [21] concluded that the lenticular volume increases with accommodation, but there has been considerable discussion regarding the accuracy and validity of their method [22, 23] . In any instance, we anticipate a small change in lens volume which, although non-negligible, will not drastically affect the results of our model. Any future definitive answer for the accommodative change in lenticular volume can be incorporated into our analytical method.
In our present study, the constant volume condition is used as a control for the accommodated lens. The volume calculated using Eq. 5 is given below:
Finding the conic constants of the lens
To demonstrate application of this analytical method, we use sample experimental data for the accommodative changes in lenticular radii and central thickness. We present an initial example using population-averaged Scheimpflug data from the work of Dubbelman et al. (2005) [24] , which have consistently smaller error compared to data obtained with other imaging instruments, for example MRI [3, 18] . The application of these Scheimpflug data helps to ensure that the accommodative changes in radii and central thickness are anatomically realistic. The model is defined for a 30 year old lens, covering a range of accommodative amplitudes A = 0-8 D.
In this example, the anterior and posterior radii of curvature and central lens thickness were calculated for each accommodative amplitude (in steps of 2 D, for clarity) using empirical linear equations given in Dubbelman et al. [24] . The change per dioptre in the anterior radius of curvature R a , posterior radius of curvature R p and central thickness T are:
where R 0a , R 0p and T 0 are the unaccommodated radii and thickness, and A is accommodative amplitude in D. Note that these equations represent the change in lenticular parameters per dioptre of stimulus. Objective accommodative response was not measured, and so these formulae may include accommodative lag.
Conic constants can only be accurately determined by imaging a relatively large diameter of the lens [16] . The accuracy in measuring the conic constants of the human lens' surfaces by Scheimpflug imaging is limited by lenticular occlusion by the finite maximum size of the iris and ocular refractive distortion. Consequently, the main motivation in our study was to find a way of predicting the conic constants of the human lens at different accommodative amplitudes, while the data for accommodative changes in the lenticular radii and central thickness were taken from the literature.
In order to develop an analytical method of finding the conic constants, we also use additional information for the accommodative changes in the anterior chamber depth (ACD) of the eye. As the lens accommodates, its anterior pole moves forward into the anterior chamber and this can be seen as a reduction in the ACD. In the same study by Dubbelman et al. [24] , partial coherence interferometry was used to measure a change per dioptre in the anterior chamber of ΔACD(A) = −0.036A mm for the 30 year old eye.
We use the relation above together with Eq. 7 as a basis for finding R a (A), R p (A) and T (A), and ACD(A) for a given accommodative amplitude. To find the anterior and posterior conic constants, we apply the following two conditions to the lens: constant volume (Eq. 6) and fixed equator position. The latter assumes that the equator of the lens does not move axially within the eye during accommodation; thus, the reduction in ACD can be seen as an increase in the anterior sag Z a of the lens and can be expressed as:
Finally, using Eqs. 4, 6 and 8, we can obtain the anterior and posterior conic constants as a function of accommodative amplitude:
Note that calculation of the initial volume V 0 requires sample data for R 0a , R 0p , K 0a , K 0p and T 0 . Alternatively, if we have data for the accommodative change in K a , we can solve Eq. 9 for Z a , and subsequently find K p from Eq. 10. This has physical significance since it allows us to predict, using data for K a , the accommodative change in K p , which is difficult to measure in vivo.
Analysis of lenticular geometry
We define the initial lens geometry based on the recent work of Ortiz et al. [25] . We used the following parameters for the unaccommodated lens: R 0a = 12.48 mm, R 0p = 7.25 mm, T 0 = 3.18 mm, K 0a = −2.57 and K 0p = −1.64. Assuming the centre of the lens' nucleus is located more posteriorly [15, 17, 26] , we set T a = 0.6T and T p = 0.4T , so that T 0a = 1.91 mm and T 0p = 1.27 mm. These initial parameters allow us to calculate the geometrical features of the lens, which were derived analytically. First, the position of the lens' equator with respect to the centre of the nucleus is given by Eq. 4: Z 0c = −0.74 mm. Hence, we can calculate the anterior sag Z 0a = T 0a + Z 0c = 1.17 mm, the posterior sag Z 0p = T 0p − Z 0c = 2.01 mm and the two B coefficients: B 0a = −6.93 mm −1 and B 0p = −1.41 mm −1 . Finally, the initial volume V 0 is calculated using Eq. 6 to give V 0 = 125.45 mm 3 . Using Eqs. 7, 3 and 8, we can calculate the parameters of the lens at different accommodative amplitudes, as shown in Tables 1 and 2 below for A = 0, 2, 4, 6 and 8 D. Figure 2 shows the transverse cross-section of the lens, with the anterior and posterior surfaces to the left and right, respectively-note that the lens is axisymmetric. The negative value of the conic constants, seen in Table 2 , can be compared with the literature [24, 25, 27, 28] . The in vivo study of Dubbelman et al. [29] reports a value of −4.5 ± 2.8 for the anterior conic of the unaccommodated 30 year old lens, and a value of −2.9 ± 3.8 for the posterior conic. Ortiz et al. [25] show a range in averaged asphericities of 3 subjects; from −2.57 to −0.43 for the anterior conic, and −1.64 to −0.01 for the posterior conic. For the in vitro lens (assumed to be fully accommodated), Howcroft and Parker [30] show that both the anterior and posterior surfaces varied widely with hyperbolic, parabolic and elliptical profiles for 60 cadaver eyes. Judging by the figures presented in the work of Borja et al [31] , the asphericity of the anterior surface ranges between −14 and +2; that of the posterior surface ranges between −2 and +2. The work of Manns et al. [32] produces an average of 3.27 ± 2.01 for the anterior conic, and −1.64 ± 1.85 for the posterior conic of cadaver lenses. The average in vitro data are difficult to interpret, since the accommodative state is not well-defined. In terms of theoretical modelling, the lens of Smith et al. [10] (based on Liou and Brennan's [11] ) shows a decrease in anterior and posterior conic constants from −0.94 to −0.955 and 0.96 to 0.471, respectively, with 3 D accommodation. The nested shell optical model of Campbell [27] indicates that the anterior and posterior conic constants have a value of −5.00 for the 25 year old lens. The finite element model of Lanchares et al. [28] shows that the anterior and posterior conic constants have values of −4 and −3, respectively, in the unaccommodated eye. For their finite element model, Hermans et al. [33] use values of −4 and −8 for the conic constants of the anterior surface at 0 D and 8 D respectively, while using a value of −3 for the posterior conic at both accommodative amplitudes; these values are based on the work of Dubbelman and co-workers [24, 29] . The majority of these studies have shown the conic constants to be negative, with Dubbelman et al. [24] reporting that the conics become more negative with accommodation; our lens example shows a similar trend.
The volume of the lens can be compared with the experimental in vivo data presented in the paper by Hermans et al. [18] . This paper indicates that the lenticular volume of five subjects between 18 and 35 years of age is in the range 150-165 mm 3 . A study of 27 isolated eyes between 6-82 years old in a paper by Urs et al. [34] provides a regression of volume versus age, giving a volume of 172.06 ± 11.31 mm 3 for the 30 year old eye. The smaller volume given for our example could be attributed to the relatively small value for unaccommodated lens thickness, T 0 = 3.18 mm. A study by Koretz and co-workers suggests that the 30 year old lens' thickness is in the range 3.52-3.67 mm, based on MRI and Scheimpflug imaging, respectively [35] . For this thickness range, the volume of our lens example would be 154.2-167.9 mm 3 , which is in line with experimental data.
The theoretical values for surface area show the expected decreasing trend with accommodation. The surface area decrease was calculated as 3.28% over 6 D, which is comparable to the experimental MRI estimate of 4.78% ± 2.29% over the same accommodative range (0-6 D) in the study by Hermans et al. [18] . This study gives values of 175.9 ± 2.8 mm 2 and 167.5±2.9 mm 2 for the unaccommdated and 6 D accommodated lens, respectively. The regression formula for 27 isolated lenses provided in Urs et al. [34] gives a value of 170.5 ± 9.2 mm 2 ; usually, the isolated lenses assume the fully accommodated state. At 6 D, our model predicts a value of 147.6 mm 2 ; however, our initial lens is relatively thin, with a thickness of only 3.18 mm. Bringing the initial lens thickness to average values provided in Koretz et al. [35] of 3.52-3.67 mm would produce a surface area of 167.3-176.1 mm 2 at 6 D. Hence, the initial surface area of our model, and area decrease with accommodation, are comparable to the experimental findings.
For 30 isolated lenses aged 20-69, Urs et al.
[36] provide a regression formula for lenticular diameter, giving a value of 9.2 ± 0.6 mm for the 30 year old lens. For the in vivo lens, the study of Jones et al. [19] gives a per-dioptre change in diameter of −0.067 ± 0.030 mm/D, corresponding to −0.402 ± 0.180 mm over 6 D. Their average unaccommodated diameter is given as 9.33 ± 0.33 mm; this represents a percentage decrease in diameter of 4.29% ± 1.93% over 6 D. The diameter of our lens example decreases by 2.52% over the same 6 D. This decrease in diameter with accommodation, together with the initial value of 9.0 mm, is within the range of experimental data.
Analysis of lenticular optical power and spherical aberration
It is worth noting that Eqs. 7 were generated for accommodative amplitude of the whole eye. Taking the cornea and lens as two refracting surfaces in a simplified schematic eye, their relative separation implies that a total ocular power change of 8 D requires a lenticular power change of approximately 10 D. An approximate thin-lens equation-differing by only 1.4% from the exact equation-was used to verify the change in lenticular power F versus accommodation [13] :
where n aq and n vit are the refractive indices of the aqueous and vitreous, respectively (n aq = n vit = 1.336), and the radii R a and R p are given in metres; P is the exponent characterising the GRIN structure of the lens. Table 1 Further validation of the method was achieved through calculation of the total lenticular spherical aberration (SA). It is clear that an accurate model of the human crystalline lens will need to account for the trend in lenticular SA as well as the change in refractive power. Total ocular SA is known to become less positive with accommodation [10, [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] , a trend first observed by Young in 1801 [50]; see Table 3 for a summary of recent experimental data for changes in ocular SA (Zernike coefficient Z 0 4 ). However, the change in lenticular SA with accommodation is not widely documented in the literature-most studies report changes in total ocular aberrations only. In general, it is difficult to disentangle the SA contribution of the human lens from that of the cornea when measuring in vivo. In the majority of cases, no distinction is made between the posterior corneal surface and the lens, so that the optical effects of these internal optics are considered together. In this case, the lenticular SA is found as the difference between ocular and anterior corneal SA, as in the study by Li et al. [49] . Despite this limitation, we shall try to compare the lens model prediction with experimental data.
Before calculating the SA output of the current tool, it was first necessary to assess the contribution of conic constant to SA. According to the third-order theory applied in this paper, the SA of a surface or GRIN medium depends only on radius and conic constant. This definition is fine for surfaces which are pure conicoids of revolution, or when the pupil size is limited to the paraxial region. The solid blue curve in Fig. 4 shows the change of the SA wavefront aberration coefficient (W 4,0 ) calculated using the first Seidel sum (S I ) [13] :
The total SA of our analytical lens model was calculated from the anterior and posterior Table 3 : Experimental changes in lenticular and ocular SA (Z 0 4 ) per dioptre. All data are scaled down to a 3 mm pupil diameter from their measured pupil diameters (given in mm).
Study
Meas. pupil surfaces, and the GRIN structure whose profile was defined by P = 2.94 for the 30 year old eye, in accordance with the work of Navarro et al. [15] ; this P-value is also within the range reported by Kasthurirangan et al. [52] . The corresponding iso-indicial contours are shown in Fig. 1 . The lens was analysed with a collimated entrance beam in a medium with refractive index of 1.336, with n c = 1.416 and n s = 1.376, and a 2.66 mm iris diameter. Note that a 2.66 mm iris corresponds approximately to a 3 mm entrance pupil diameter due to typical corneal magnification of approximately 1.13 [7] . SA was calculated using the figuring conic constants K a and K p provided in Table 2 . The SA (W 4,0 ) of the lens at 0 D was −0.0880 μm, and for the accommodation range of 0-2 D, a linear fit of the plot gave a slope of ΔW 4,0 = −0.0677 μm/D. This calculation is only valid for small pupil diameters. Comparison with the experimental data for pupil diameters of 3 mm and greater, in Table 3 , requires an extension of the third-order theory calculation to intermediate pupil diameters.
To extend the validity of the third-order theory, we have to account for the figuring conicoid functions including the B-coefficient contribution to SA. Thus it is necessary to reconsider our description of the surface shape at intermediate pupil heights. When using only pure conicoids to represent the lens' surfaces, the conic constant is responsible for the overall shape of the lens at large heights. It has been shown that the lens shape is more complex than this simple conicoid [53] [54] [55] . To provide more realistic lens shapes, we use a figuring conicoid featuring a higher-order aspheric term and B-coefficient; see Eq. 1.
The method employed in the work of Dubbelman et al. (2005) [24] was to fit a pure conicoid function to the experimental images of the lens' surface over a 6 mm diameter; this gave an approximation to the true, highly-aspheric shape of the lens' surface, with associated approximate conic constant for that surface. However, if a figuring conicoid was used, the B-coefficient would assume a certain value, and would alter the value of the approximate conic constant determined initially. The conic constants obtained using the B-coefficient are figuring conics K a and K p , which are suitable for use in third-order aberration analysis with small pupils.
However, to approximate the central and intermediate region of the lens, we need to modify the conic constants so that the pure conicoid of revolution more closely follows the figuring conicoid's aspheric surface. The modified values for the conic constants (K * a and K * p ) can be derived by choosing ρ 1 and solving equation Eq. 1 for a corresponding sag, z 1 , that defines the point (z 1 , ρ 1 ) at which our new, pure conicoid will intersect the figuring conicoid: ρ
. The approximate conic constant can be found by solving for K * in the equation: Table 2 contains the figuring and approximate conic constants predicted by the current tool. Note that the approximate conics were obtained by fitting (a pure conicoid) to the lens' surface at a height ρ 1 = 2.5 mm, which corresponds to the point M a in Fig. 3 . This height was chosen so that the internal iso-indicial contours of the GRIN structure which have not yet plateaued to the central refractive index are still suitably approximated by the pure conicoid for ray-tracing at 3 mm pupil diameter. For example, we can see in Fig. 3 (a) that the ray at entrance pupil height of 1.5 mm intersects the internal contour at point M in at a height that is scaled down from the initial 2.5 mm height of the point M a on the external surface. Fitting at larger heights would deteriorate the quality of the fit; thus, analysis at very large heights requires numerical ray-tracing. Now, SA can be calculated for a 3 mm pupil diameter using these approximate conic constants K * a and K * p , which are provided in Table 2 . The change of SA versus accommodation is given by the solid black curve in Fig. 4 . From this figure, we can see that the lenticular SA predicted by the current tool-when using the approximate conics-decreases at a slower rate than with the figuring conics (blue curve). This is because the approximate conics are less negative than the figuring conics; see Table 2 . Experimental data for the accommodative change in ocular and lenticular SA is provided in this Fig. 4 ; error bars are given where data were available. Where relevant, experimental data for SA (Zernike coefficient Z 0 4 ) are scaled to a 3 mm pupil. Assuming that the corneal contribution to ocular SA is constant with accommodation, the rate of change of ocular SA versus accommodation is directly related to the rate of lenticular SA change. Lenticular SA (given as internal optics) was available in the study by Li et al. only. The rate of change in the Zernike coefficient Z 0 4 is provided in Table 3 , which is converted to W 4,0 in Fig. 4 for comparison with the third-order model prediction:
. With the approximate conics, the predicted lenticular SA agrees with the well-known trend of decreasing SA with accommodation (becoming more negative). Validation of the tool was extended by analysing the decrease of SA per dioptre over a range of accommodative amplitudes. That is, the decreases in SA over the ranges 0-2 D, 0-4 D, 0-6 D and 0-8 D were each fitted with a line. The slopes of these linear fits are provided in Table 2 . Given the size of the error bars and noticeable spread in experimental data [10] , the decrease in Zernike Z 0 4 predicted by the current tool is in agreement with the data listed in Table 3 The unaccommodated lens with approximate conics shows a value of SA (W 4,0 ) = 0.0262 μm, which corresponds to the Zernike coefficient of primary SA: Z 0 4 = W 4,0 /(6 √ 5) = 0.0020 μm. This value is slightly positive, while the value obtained using the figuring conics is negative (W 4,0 = −0.0880 μm); this negative value is valid for much smaller pupil diameters. Typically, the human lens shows a negative value at 0 D. Studies have found that, in general, positive corneal SA is partly cancelled by negative SA of the lens or internal optics [56-65]; we stress here the generality of those results. However, a paper by Millodot and Sivak shows that the lenticular SA generally adds to that of the cornea [66] . Papers by Artal et al. and Glasser and Campbell show compensation in young eyes, with augmentation in older eyes [67, 68] . Furthermore, more recent papers by He et al. [69] , and Salmon and Thibos [70] show both compensatory and additive roles of the internal optics in ocular SA production. A paper by He et al. shows that the lens reduces the total RMS wavefront aberration of the cornea, but individual Zernike corneal aberrations were not always compensated by the lens [71] . Kelly and co-workers also found that corneal SA was not always reduced by the lens [64] .
We can see that there is large inter-subject variability in the experimental values for the SA of internal optics at 0 D; thus, we should not expect that lenticular SA is always negative. For the particular choice of initial lens geometry for this model [25] , the value of lenticular SA at 0 D is slightly positive when analysing the lens at a 3 mm pupil. More important is the trend in SA with accommodation, which is in agreement with experimental data. The approximating conics are more valid for this intermediate pupil diameter.
These approximate conics can be compared to those reported in the work of Dubbelman et al. (2005) [24] . Therein provided is a linear regression for the change per dioptre in conic of the lens' anterior surface, as a function of the anterior conic at 0 D, K 0a :
where A is accommodation in dioptres. For this, we use K * 0a = −0.83, corresponding to an experimental ΔK * a = −4.58 over 8 D; this can be compared with the change ΔK * a = −5.79 predicted by the current tool, and given in Table 2 .
Discussion and conclusion
The modelled change in SA with accommodation is an important finding, since it represents the first clear understanding of how lenticular SA can decrease with accommodation according to Helmholtz's theory. It is widely known that increasing surface curvatures cause more positive SA, and so the accommodative decrease in lenticular radii should produce more positive SA. With this tool, we can analytically predict that the conic constants become more negative, and this in turn gives more negative SA of the lens. Our method employs the simple physical lens constraints of constant volume and fixed equator to analytically solve for the conic constants. With these conic constants, we calculate the accommodative changes in SA by ray-tracing through the lens' GRIN medium. Since the GRIN medium follows the external surface geometry, this model takes into account both surface asphericity and GRIN structure when calculating lenticular SA.
The change in lenticular SA in vivo with accommodation is not widely documented in the literature, since it is difficult to disentangle the SA contribution of the human lens from that of the cornea; most studies report changes in total ocular aberrations only. Usually, the optical effect of the posterior cornea and lens are considered together. In this case, the lenticular SA is found as the difference between ocular and anterior corneal SA. In spite of this obvious limitation, we have compared the lens model prediction with experimental data, and found that the model prediction is in agreement with the data.
With this method, it is possible to predict analytically the accommodative changes in various lenticular parameters such as surface area, equatorial diameter, refractive power and SA. We invite others to use this tool for future refinement as new data become available.
An important aspect of this new method is the constancy of lenticular volume with accommodation. With the derived formulae for figuring conic constants, it is possible to preserve the volume of the lens when modelling in ray-tracing software, where the specification of volume is currently not directly available. This will therefore allow modelling of a physically realistic lens in ray-tracing software, and give new insight into the accommodative process. If the conic constants of the lens are given as a function of accommodation, one could revisit the dependency on experimental data for accommodative changes in lenticular radii and thickness, and instead use these geometrical parameters to keep the lens' volume constant. Moreover, if it is found that the lenticular volume is not constant with accommodation, one could relax the constant volume condition.
The future aim of ocular modelling is the development of a model which characterises the geometrical, optical and biomechanical properties of the ageing lens lens under accommodation [72] . We hope that an understanding of how the geometrical and optical properties of the lens change with accommodation will help to consolidate, in future, more information regarding the accommodation process.
